The average rate of entropy production in a homogenous chemical system is investigated in oscillating periodic and chaotic modes as well as in coexisting stationary states. The simulations are based on an abstract model of a chemical reaction system with three freely varying concen trations. Five concentrations are assumed to be kept constant by suitable flows across the bound ary. A fixed concentration is used as a control param eter. Second order mass action kinetics with reverse reaction is used. An unexpected result is that periodic modes in some windows in the chaotic interval have higher average rate of entropy production than the surrounding chaotic modes. A chaotic mode coexists with a stable stationary state with smaller entropy production. A unique (unstable) stationary state produces more entropy than the corresponding oscillating mode.
Introduction
During the last two decades there has been an explosive developm ent o f both experim ental and theoretical research on chem ical systems evolving far from equilibrium . Exotic behaviour such as multistability, oscillations, spatial self-organization and chaotic evolution has been studied theoretically and found experim entally in numerous chem ical systems [1 -4 ] . The interest has not only focused on these exotic phenom ena as such, it has also been turned towards more general issues, such as the thermodynamics o f nonlinear, far-from -equilibrium systems, and the im plications for biological systems [5, 6] , The present paper studies the rate o f dissipative losses, i.e., the rate o f entropy production, due to chemical reactions in autonom ous chem ical oscilla tors. (For a recent study o f the dissipative in nonautonomous chem ical oscillators, see Richter [7] .) In [8] , the behaviour o f the rate o f entropy production was investigated in the neighbourhood o f a H opf bifurcation and for the associated periodic trajec tories. Here, a similar investigation is m ade for a typical oscillating system with period-doubling b i furcations and chaos. The central issue is the aver age rate o f entropy production in different oscillat ing modes. This is one relevant measure o f the effiReprint requests to Bengt Mänsson, Physical Resource Theory G roup, Chalm ers University o f Technology, S-412 96 G öteborg, Sweden.
ciency o f oscillatory behaviour, with possible im pli cations for, e.g., metabolic processes.
W illamowski and Rössler [9] have proposed an abstract realistic chemical reaction system (based on at most second order elementary reactions) which both satisfies the requirements o f thermodynamics and exhibits chaotic behaviour. Since our numerical simulations are based on this system, a thorough investigation was made o f its properties. Thus, further numerical evidence that their system actual ly is chaotic is provided, as well as som e new features o f its stationary and dynamical behaviour.
Since the aim is to investigate som e typical features o f general open chem ical systems, a num ber o f conventional sim plifying assumptions are made. The system is assumed to be isothermal and homogenous.
(For an open chem ical system with oscillating concentrations, the assumption im plies that the mixing processes (diffusion and stirring) are fast compared to the chem ical reactions.) The local equilibrium approximation is assumed to be valid. The reaction laws follows the sim plest form o f the law o f mass action in ideal gases.
Average Entropy Production Rate
Let the vector * ( /) denote the state o f a general system obeying the equations o f m otion x=f(x; a ) , ( 
1)
0340-4811 / 8 where a is a scalar control parameter characterizing f Assume that the system (1) has a periodic trajec tory jc° with period r for a certain parameter value 2°, i.e., for x{t) e jc°,
Then, denoting the entropy production rate (defined in Sect. 4) by a (* (/)), the average entropy produc tion rate is defined by
where .v(0 e a 0. As indicated, it can be treated as a function o f a 0. Equation (3) 
where the subscript u indicates that öü is calculated on an unstable trajectory. Although at least one such unstable trajectory always exists in a neighbourhood o f a period-doubling bifurcation, it may be difficult to find in general. One reason is that although the trajectory is unstable, i.e., neighbouring trajectories diverge, this may be only in som e directions, while trajectories in other directions are attracted. A sim ple reversal o f the equations o f motion will then only reverse the roles o f these directions, leaving the trajectory unstable. (Num erical methods for finding an unstable trajectory are described in [10] .) N ote that the periods o f the trajectories in (4) may differ, even m odulo an integer factor. Generally, the rela tionship between orbital stability and entropy pro duction cannot be given such a simple formulation as the corresponding theorem in linear thermo dynamics [5] .
Similarly, for any two closed trajectories charac terized by i' and a", an entropy production rate difference, E (a', a"), can be generally defined by N ote that in many cases reaction rates vary very little with small displacem ents in state space. There fore trajectories that are everywhere close in state space have roughly equal periods, m odulo an inte ger factor.
Assume that x' (t), characterized by a', has period t and that the period o f x*(t), characterized by a*, approaches 2 r as a* -> a', x* (t) = x* (/ + 2 r ) , (6) i.e., a' is a period-doubling bifurcation value. Then a vector 5 can be defined by <1 1 , (7) (8) i.e., the closed trajectories lie close to each other in state space and the phase differences are small everywhere, then E can be expanded in terms o f Ö, -(a*, a') 
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The Model
To illustrate the behaviour o f the rate o f entropy production and the entropy production rate differ ence, the abstract system o f chem ical reactions for mulated by W illam owski and Rössler [9] will be used. The m odel is given by the reaction scheme .r (a" , a') = u ( i " ) -e r ( a ' ) . Figure 1 shows a typical periodic trajectory and Fig. 2 a typical chaotic trajectory. 
Entropy Production in the Model
The rate o f entropy production due to the chem i cal reactions is given by the sum o f products o f the individual reaction rates, J,, and the corresponding affinities, A,-, 0 < a < Here, "focus" means that Im (A) is non-zero for two com plex-conjugate eigenvalues A, and "node" indi cates that Im Figure 3) . A, B, and D indicate windows in the chaotic interval with periodic trajectories for which the average entropy production rate was calculated, and C is a period doubling, cf. Figure 5 . 
Entropy Production -Simulation Results and Discussion
The equations o f motion were solved numerically using the Merson variable step-length integration routine. The average rate o f entropy production was calculated according to (3) for periodic trajectories. For chaotic trajectories a sam pling procedure was It is natural to ask whether the average entropy production is lower on a periodic or chaotic trajec tory than in a stationary state, see Table 2 . For a > 32.8 the average entropy production on a peri odic trajectory is smaller than in the corresponding unique unstable stationary state. However, there is no general rule that the entropy production is smaller in an oscillating m ode than it would be if the system stayed in som e o f the available station ary states. This is clear also from the intervals where there are three stationary states, two o f which have lower entropy production than the average on the corresponding lim it cycle. In other words, the sys tem has a smaller entropy production in an oscillat ing m ode for som e com binations o f driving forces, but not for all.
An unexpected feature is the behaviour o f the average entropy production in the windows in the chaotic interval where there are periodic trajectories. Figure 5 shows that periodic trajectories in two of these windows (A and B in Fig. 5) correspond to  maxima in a (a) . In other words, in these cases the chaotic m odes have smaller entropy production than the neighbouring periodic modes. (This is contrary to the (intuitive) association o f orderly behaviour and low entropy production, which is valid in linear therm odynamics [5, 6] .) On the other hand, sim ulations for a = 30.10 (D in Fig. 4) and a = 30.21 indicate that the difference in a(a) be tween periodic and neighbouring chaotic modes can 
